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1 Recall
We say K is a convex set if ∀x, y ∈ K, then

λx+ (1− λ)y ∈ K, ∀λ ∈ (0, 1)

Proposition 1. Let K be a closed convex subset of Rn, and y ∈ Rn be fixed, there exists a unique
x∗ ∈ K such that

∥x∗ − y∥ = min
x∈K

∥x− y∥.

We define ProjK(y) := x∗.

2 Separation Theorem
Theorem 2. Let X ⊆ Rn be a non-empty closed convex set and y ̸∈ X , there exist w = x∗ − y ̸= 0,
where x∗ = ProjX(y) such that

inf
x∈X

wTx = wTx∗ > wTy.

To replace w by −w, we also have
sup
x∈X

wTx < wTy.

Corollary 3. Let X1, X2 be two closed convex sets such that X1 ∩X2 = ∅ and X2 is bounded, then
there exists 0 ̸= w ∈ Rn such that

sup
x1∈X1

wTx1 < inf
x2∈X2

wTx2.

Sketch of Proof. Note that X1 − X2 is closed (to use X2 is bounded to conclude) and convex, and
0 ̸∈ X1 −X2.
Then, we have

sup
x∈X1−X2

wTx < wT0 = 0 ⇐⇒ sup
x1∈X1
x2∈X2

wT (x1 − x2) < 0

⇐⇒ sup
x1∈X1

wTx1 + sup
x2∈X2

wT (−x2) < 0

⇐⇒ sup
x1∈X1

wTx1 < inf
x2∈X2

wTx2

If X2 is not bounded, then the inequality may not be strict. See the following counterexample.
Consider

X1 :=

{
(x, y) : x ≥ 1, y ≥ 1

x

}
X2 :=

{
(x, y) : x ≥ 1, y ≤ −1

x

}
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In this case, we consider w =

(
0
1

)
and then

sup
x∈X1

⟨w, x⟩ = +∞ > −∞ = inf
x∈X2

⟨w, x⟩

and
inf

x1∈X1

⟨w, x1⟩ = 0 = sup
x2∈X2

⟨w, x2⟩

Linear Form
Definition 1. We say a linear form ⟨w, x⟩ properly separate nonempty sets S and T if and only if

sup
x∈S

⟨w, x⟩ ≤ inf
y∈T

⟨w, y⟩ and inf
x∈S

⟨w, x⟩ < sup
y∈T

⟨w, y⟩

Definition 2. Let X ⊆ Rn. Lin(X) be the affine subspace generated by X . The relative interior of
X (ri(X)) is the interior of X if it is considered as a subspace of Lin(X).

Theorem 4. Let X1, X2 be two nonempty convex sets (not necessarily closed) such that

ri(X1) ∩ ri(X2) = ∅.

Then X1 and X2 can be properly separated.

Lemma 5. Let S ⊆ Rn be a subset. Then

S is separable ⇐⇒ there exists countable dense subset of S
⇐⇒ there exist K ⊆ S such that K is countable and

∀x ∈ S, there exists (xn) ⊆ K, xn → x

Proof. Let (ri)i=1,2,... be the set of all rational vectors so that (ri)i=1,2... is a countable dense subset of
Rn . Then, for each n ≥ 1, we define a set Kn as follows:
For each ri, we look for a point x ∈ S such that ∥x− ri∥ ≤ 1/n.
If such x ∈ S exist, we take one and add it in Kn so that Kn is countable.
Let K =

⋃
n≥1

Kn ⊆ S and K is countable. Let x ∈ S be an arbitrary point, there exists a sequence

rn → x where each rn is a rational vector, then for any n, there exists m ≥ n such that one has
xmn ∈ Kmn ⊆ K and ∥xmn − rmn∥ ≤ 1/mn.
This leads to xmn → x as n → +∞. so that K is a dense subset of S.

— End of Lecture 9 —
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